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SYLLABUS. 



Mathematical Terms. 

66. A proof or demonstration is a course of reasoning 
by which the truth or falsity of any statement is logically 
established. 

67. A theorem is a statement to be proved. 

68. A theorem consists of two parts : the hypothesis, or 
that which is assumed ; and the conclusion, or that which 
is asserted to follow from the hypothesis. 

69. An axiom is a statement the truth of which is 
admitted without proof. 

70. A construction is a graphical representation of a 
geometrical figure. 

71. A problem is a question to be solved. 

72. The solution of a problem consists of four parts: 

(1) The analysis, or course of thought by which the 
construction of the required figure is discovered ; 

(2) The construction of the figure with the aid of ruler 
and compasses ; 

(3) The proof that the figure satisfies all the given 
conditions ; 

(4) The discussion of the limitations, which often .exist, 
within which the solution is possible. 

73. A postulate is a construction admitted to be pos- 
sible. 

74. A proposition is a general term for either a theorem 
or a problem. 



2 SYLLABUS. 

75. A corollary is a truth easily deduced from the 
proposition to which it is attached. 

76. A scholium is a remark upon some particular fea- 
ture of a proposition. 

77. The converse of a theorem is formed by inter- 
changing its hypothesis and conclusion. Thus, 

If A is equal to J5, C is equal to D, (Direct.) 
If (7 is equal to D, A is equal to B, (Converse.) 

78. The opposite of a proposition is formed by stating 
the negative of its hypothesis and its conclusion. Thus, 

If A is equal to By C is equal to D. (Direct.) 

If A is not equal to B^ C is not equal to 2). (Opposite.) 

79. The converse of a truth is not necessarily true.^ 
Thus, every horse is a quadruped is a true proposition, 
but the converse. Every quadruped is a horse, is not true. 

80. If a direct proposition and its converse are true, 
the opposite proposition is true; and if a direct proposi- 
tion and its opposite are true, the converse proposition 
is true. 

81. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one 
point to any other point. 

2. That a straight line can be produced to any distance, 
or can be terminated at any point. 

3. That a circumference may be described about any 
point as a centre with a radius of given length. 

82. Axioms. 

1. Things which are equal to the same thing are equal 
to each other. 

2. If equals are added to equals the sums are equal. 



SYLLABUS. 8 

3. If equals are taken from equals the remainders are 
equal. 

4. If equals are added to unequals the sums are 
unequal, and the greater sum is obtained from the greater 
magnitude. 

5. If equals are taken from unequals the remainders are 
unequal, and the greater remainder is obtained from the 
greater magnitude. 

6. Things which are double the same thing, or equal 
things, are equal to each other. 

7. Things which are halves of the same thing, or of 
equal things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

83. Symbols and Abbreviations. 

-f- increased by. Def definition. 

— diminished by. Ax axiom. 

X multiplied by. Hyp. . . . hypothesis. 

-r divided by. Cor corollary. 

= is (or are) equal to. Adj adjacent. 

=o=is*(or are) equivalent to. Iden. . . . identical. 

>• is (or are) greater than. Cons. . . . construction. 

•< is (or are) less than. Sup supplementary. 

.-. therefore. Sup. -adj.. supplemeutary-adjacent. 

Z angle Ext.-int. . exterior-interior. 

^ angles. Alt. -int. . alternate-interior. 

± perpendicular. Ex exercise. 

J." perpendiculars. rt right. 

II parallel. st straight. 

IJa parallels. q. e. d. . . quod erat demonstran- 
A triangle. dum, 

^ triangles. which was to he proved. 

O parallelogram. q. e. f. . . quod erat faciendum, 
m parallelograms. which was to be done. 

circle. ® circles. 



BOOK I. 

Theorems. 

84. All straight angles are equal. 

85. Cor, 1. All right angles are equal. 

86. Cor. 2. The angular units, degree, minute, and 
second, have constant values. 

87. Cor. 3. The complements of equal angles are equal. 

88. Cor. 4. The supplements of equal angles are equal. 

89. Cor. 5. At a given point in a given straight line one 
perpendicular, and only one, can be erected. 

90. If two adjacent angles have their exterior sides in a 
straight line, these angles are supplements of each other. 

92. Cor. Since the angular magnitude about a point is 
neither increased nor diminished by the number of lines 
which radiate from the point, it follows that. 

The sum of all the angles about a point in a plane is 
equal to two straight angles, or four right angles; 

The sum of all the angles about a point on the same side 
of a straight line passing through the point is equal to a 
straight angle, or two right angles. 

93. If two adjacent angles are supplements of each 
other, their exterior sides lie in the same straight line. 

# 

94. Since Theorems 90 and 93 are true, their opposites 
are true (§ 80) ; namely : 

If the exterior sides of two adjacent angles are not in 
a straight line, these angles are not supplements of each 
other. 

If two adjacent angles are not supplements of each other, 
their exterior sides are not in the same straight line. 
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95. If one straight line intersects another straight line, 
the vertical angles are equal. 

96. Cor, If one of the four angles formed by the inter- 
section of two straight lines is a right angle, the other three 
angles are right angles. 

97. From a point without a straight line one perpen- 
dicular, and only one, can be drawn to this line. 

100. Two straight lines in the same plane perpendicular 
to the same straight line are parallel. 

101. Through a given point, one straight line, and only 
one, can be drawn parallel to a given straight line. 

102. If a straight^ line is perpendicular to one of two 
parallel lines, it is perpendicular to the other. 

104. If two parallel straight lines are cut by a third 
straight line, the alternate-interior angles are equal. 

105. When two straight lines are cut by a third straight 
line, if the alternate-interior angles are equal, the two 
straight lines are parallel. 

106. If two parallel lines are cut by a third straight 
line, the exterior-interior angles are equal. 

107. Cor, The alternate-exterior angles are equal. 

108. When two straight lines are cut by a third straight 
line, if the exterior-interior angles are equal, these two 
straight lines are parallel. 

109. If two parallel lines are cut by a third straight 
line, the sum of the two interior angles on the same side of 
the transversal is equal to two right angles. 

110. When two straight lines are cut by a third straight 
line, if the two interior angles on the same side of the 
transversal are together equal to two right angles, then the 
two straight lines are parallel. 

111. Two straight lines which are parallel to a third 
straight line are parallel to each other. 

112. Two angles whose sides are parallel, each to each, 
are either equal or supplementary. 
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113. Two angles whose sides are perpendicular, each to 
each, are either equal or supplementary. 
^ 114. The perpendicular is the shortest line that can be 
drawn from a point to a straight line. 

116. Two oblique lines drawn from a point in a perpen- 
dicular to a given line, cutting off equal distances frorii the 
foot of the perpendicular, are equal. 

117. Cor, Two oblique lines drawn from a point in a 
perpendicular to a given line, cutting off equal distances 
from the foot of the perpendicular, make equal angles with 
the given line, and also with the perpendicular. 

118. The sum of two lines drawj from a point to the 
extremities of a straight line is greater than the sum of 
two other lines similarly drawn, but included by them. 

119. Of two oblique lines drawn from the same point in 
a perpendicular, cutting off unequal distances from the foot 
of the perpendicular, the more remote is the greater. 

120. Cor, Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines^ 
the greater cuts off the greater distance from the foot of 
the perpendicular. 

121. Two equal oblique lines, drawn from a point in a 
perpendicular, cut off equal distances from its foot. 

122. Every point in the perpendicular, erected at the 
middle of a given straight line, is "equidistant from the 
extremities of the line, and every point not in the perpen- 
dicular is unequally distant from its extremities. 

126. Cor. The locus of a point equidistant from the 
extremities of a straight line is the perpendicular bisector 
of that line. 

137. The sum of two sides of a triangle is greater than 
the third side, and their difference is less than the third side. 

138. The sum of the three angles of a triangle is equal 
to two right angles. 
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139. Cor, 1. If the sum of two angles of a triangle is 
subtracted from two right angles, the remainder is equal 
to the third angle. 

140. Cor, 2, If two triangles have two angles of the 
one equal to two angles of the other, the third angles are 
equal. 

141. Cor, 3. If two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other 
acute angles are equal. 

142. Cor, 4. In a triangle there can be but one right 
angle, or one obtuse angle. 

143. Cor, 5, In a right triangle the two acute angles 
are complements of each other. 

144. Cor, 6. In an equiangular triangle, each angle is 
one-third of two right angles, or two-thirds of one right 
angle. 

145. The exterior angle of a triangle is equal to the 
sum of the two opposite interior angles. 

146. Cor. The exterior angle of a triangle is greater 
than either of the opposite interior angles. 

147. Two triangles are equal if a side and two adjacent 
angles of the one are equal respectively to a side and two 
adjacent angles of the other. 

148. Cor, 1, Two right triangles are equal if the hypote- 
nuse and an acute angle of the one are equal respectively 
to the hypotenuse and an acute angle of the other. 

149. Cor, 2, Two right triangles are equal if a side and 
an acute angle of the one are equal respectively to a side 
and homologous acute angle of the other. 

150. Two triangles are equal if two sides and the 
included angle of the one are equal respectively to two 
sides and the included angle of the other. 

151. Cor. Two right triangles are equal if their legs 
are equal, each to each. 
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152. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the included 
angle of the first triangle greater than the included angle 
of the second, then the third side of the first is greater 
than the third side of the second. 

153. If two sides of a triangle are equal respectively to 
two sides of another, but the third side of the first triangle 
is greater than the third side of the second, then the angle 
opposite the third side of the first triangle is greater than 
the angle opposite the third side of the second. 

154. In an isosceles triangle the angles opposite the 
equal sides are equal. 

155. Cot, An equilateral triangle is equiangular, and 
each angle contains 60°. 

156. If two angles of a triangle are equal, the sides 
opposite the equal angles are equal, and the triangle is 
isosceles. 

157. C<yr, An equiangular triangle is also equilateral. 

158. If two sides of a triangle are unequal, the angles 
opposite are unequal, and the greater angle is opposite the 
greater side. 

159. If two angles of a triangle are unequal, the sides 
opposite are unequal, and the greater side is opposite the 
greater angle. 

160. Two triangles are equal if the three sides of the 
one are equal respectively to the three sides of the 
other. 

161. Two right triangles are equal if a side and the 
hypotenuse of the one are equal respectively to a side and 
the hypotenuse of the other. 

162. Every point in the bisector of an angle is equi- 
distant from the sides of the angle. 

163. Every point within an angle, and equidistant from 
its sides, is in the bisector of the angle. 
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164. Cor. The locus of a point within an angle, and 
equidistant from its sides, is the bisector of the angle. 

178. The diagonal of a parallelogram divides the figure 
into two equal triangles. 

179. In a parallelogram the opposite sides are equal, 
and the opposite angles are equal. 

180. Cor, 1. Parallel lines comprehended between par- 
allel lines are equal. 

181. Cor. 2. Two parallel lines are everywhere equally 
distant. 

182. If two sides of a quadrilateral are equal and par- 
allel, then the other two sides are equal and parallel, and 
the figure is a parallelogram. 

183. If the opposite sides of a quadrilateral are equal, 
the figure is a parallelogram. 

184. The diagonals of a parallelogram bisect each other. 

185. Two parallelograms, having two sides and the 
included angle of the one equal respectively to two sides 
and the included angle of the other, are equal. 

186. Cor. Two rectangles having equal bases and equal 
altitudes are equal. 

187. If three or more parallels intercept equal parts on 
any transversal, they intercept equal parts on every trans- 
versal. 

188. Cor. 1. The line parallel to the base of a triangle, 
and bisecting one side, bisects the other side also. 

189. Cor. 2. The line which joins the middle points of 
two sides of a triangle is parallel to the third side, and is 
equal to half the third side. 

190. Cor. 3. The line which is parallel to the bases of a 
trapezoid and bisects one leg of the trapezoid bisects the 
other leg also. 

191. Cor. 4. The median of a trapezoid is parallel to 
the bases, and is equal to half the sum of the bases. 
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205. The sum of the interior angles of a polygon is 
equal to two right angles^ taken as many times less two as 
the figure has sides. 

206. Cor, The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i.e., equals 
4 right angles ; and if the angles are all equal, each angle 
is a right angle. In general, each angle of an equiangular 

polygon of n sides is equal to —^^ ^ right angles. 

n 

207. The exterior angles of a polygon, made by produc- 
ing each of its sides in succession, are together equal to 
four right angles. 

208. A quadrilateral which has two adjacent sides equal, 
and the other two sides equal, is symmetrical with respect 
to the diagonal joining the vertices of the angles formed by 
the equal sides, and the diagonals intersect at right angles. 

209. If a figure is symmetrical with respect to two axes 
perpendicular to each other, it is symmetrical with respect 
to their intersection as a centre. 



BOOK 11. 

Theorems. 

227. The diameter of a circle is greater than any other 
chord ; and bisects the circle and the circumference. 

228. A straight line cannot intersect the circumference 
of a circle in more than two points. 

. 229. In the same circle^ or equal circles, equal angles at 
the centre intercept equal arcs ; conversely^ equal arcs sub- 
tend equal angles at the centre. 

230. In the same circle, or equal circles, equal chords 
subtend equal arcs ; conversely, equal arcs are subtended 
by equal chords. 

231. In the same circle, or equal circles, if two arcs are 
unequal, and each is less than a semi-circumference, the 
greater arc is subtended by the greater chord; conversely, 
the greater chord subtends the greater arc. 

232. The radius perpendicular to a chord bisects the 
chord and the arc subtended by it. 

233. Cor, 1. The perpendicular erected at the middle of 
a chord passes through the centre of the circle. 

234. Cor. 2. The perpendicular erected at the middle of 
a chord bisects the arcs of the chord. 

235. Cor. 3. The locus of the middle points of a system 
of parallel chords is the diameter perpendicular to them. 

236. In the same circle, or equal circles, equal chords 
are equally distant from the centre ; and conversely. 

237. In the same circle, or equal circles, if two chords 
are unequal, they are unequally distant from the centre, 
and the greater is at the less distance. 

238. In the same circle, or equal circles, if two chords 
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are unequally distant from the centre, they are unequal, 
and the chord at the less distance is the greater. 

239. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 

240. Cor, 1. A tangent to a circle is perpendicular to 
the radius drawn to the point of contact. 

241. Cor, 2, A perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 

242. Cor, 3. A perpendicular let fall from the centre of 
a circle upon a tangent to the circle passes through the 
point of contact. 

243. Parallels intercept equal arcs on a circumference. 

244. Through three points not in a straight line, one 
circumference, and only one, can be drawn. 

245. Cor, Two circumferences can intersect in only two 

points. 

246. The tangents to •a circle drawn from an exterior 

point are equal, and make equal angles with the line 
joining the point to the centre. 

249. If two circumferences intersect each other, the 
line of centres is perpendicular to their common chord at 
its middle point. . 

250. If two circumferences are tangent to each other, 
the line of centres passes through the point of contact. 

260. If two variables are constantly equal and each 
approaches a limit, their limits are equal. 

261. In the same circle, or equal circles, two angles at 
the centre have the same ratio as their intercepted arcs. 

263. An inscribed angle is measured by one-half the 
arc intercepted between its sides. 

264. Cor, 1. An angle inscribed in a semicircle is a 
right angle. 

265. Cor, 2. An angle inscribed in a segment greater 
than a semicircle is an acute angle. 
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266. Cor. 3. An angle inscribed in a segment less than 
a semicircle is an obtuse angle. 

267. Cor. 4. All angles inscribed in the same segment 
are equal. 

268. An angle formed by two chords intersecting within 
the circumference is measured by one-half the sum of the 
intercepted arcs. 

269. An angle formed by a tangent and a chord is 
measured by one-half the intercepted arc. 

270. An angle formed by two secants, two tangents, or 
a tangent and a secant, intersecting without the circum- 
ference, is measured by one-half the difference of the 
intercepted arcs. 

* 

Problems .of Construction. 

271. At a given point in a straight line, to erect a per- 
pendicular to that line. 

272. From a point without a straight line, to let fall a 
perpendicular upon that line. 

273. To bisect a given straight line. 

274. To bisect a given arc. 

275. To bisect a given angle. 

276. At a given point in a given straight line, to con- 
struct an angle equal to a given angle. 

277. Two angles of a triangle being given, to find the 
third angle. 

278. Through a given point, to draw a straight line 
parallel to a given straight line. 

279. To divide a given straight line into equal parts. 

280. Two sides and the included angle of a triangle 
being given, to construct the triangle. 

281. A side and two angles of a triangle being given, 
to construct the triangle. 
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282. The three sides of a triangle being given, to con- 
struct the triangle. 

283. Two sides of a triangle and the angle opposite one 
of them being given, to construct the triangle. 

284. Two sides and an included angle of a parallelo- 
gram being given, to construct the parallelogram. 

285. To circumscribe a circle about a given triangle. 

287. Through a given point, to draw a tangent to a 
given circle. 

288. To inscribe a circle in a given triangle. 

290. Upon a given straight line, to describe a segment 
of a circle which shall contain a given angle. 

291. To find the ratio of two commensurable straight 
lines. 



BOOK III. 

Proportion. 

295. In every proportion the product of the extremes 
is equal to the product of the means. 

296. A mean proportional between two quantities is 
equal to the square root of their product. 

297. If the product of two quantities is equal to the 
product of two others, either two may be made the extremes 
of a proportion in which the other two are made the means. 

298. If four quantities of the same kind are in propor- 
tion, they will be in proportion by altemation; that is, the 
first term will be to the third as the second to the fourth. 

299. If four quantities are in proportion, they will be 
in proportion by inversion; that is, the second term will 
be to the first as the fourth to the third. 

300. If four quantities are in proportion, they will be 
in proportion by composition ; that is, the sum of the first 
two terms will be to the second term as the sum of the 
last two terms to the fourth term. 

301. If four quantities' are in proportion, they will be 
in proportion by division; that is, the difference of the 
first two terms will be to the second term as the difference 
of the last two terms to the fourth term. 

302. In any proportion the terms are in proportion by 
composition and division ; that is, the sum of the first two 
terms is to their difference as the sum of the last two terms 
to their difference. 

303. in a series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as any antecedent 
is to its consequent. 
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304. The products of the corresponding terms of two or 
more proportions are in proportion. 

305. Like powers, or like roots, of the terms of a pro- 
portion are in proportion. 

307. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Theorems. 

309. If a line is drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor- 
tionally. 

310. Cor. 1. One side of a triangle is to either part cut 
off by a straight line parallel to the base as the other side 
is to the corresponding part. 

311. Cor, 2. If two lines are cut by any number of 
parallels, the corresponding intercepts are proportional. 

312. If a straight line divides two sides of a triangle 
proportionally, it is parallel to the third side. 

313. The bisector of an angle of a triangle divides the 
opposite side into segments proportional to the other two 
sides. 

314. The bisector of an exterior angle of a triangle 
meets the opposite side produced at a point the distances 
of which from the extremities of this side are proportional 
to the other two sides. 

317. Cor, 1. The bisectors of an interior angle and an 
exterior angle at one vertex of a triangle divide the 
opposite side harmonically. 

318. Cor, 2. If the points M and Jf' divide the line 
AB harmonically, the points A and B divide the line MM^ 
harmonically. 

321. Two mutually equiangular triangles are similar. 

322. Cor. 1. Two triangles are similar if two angles of 
the one are equal respectively to two angles of the other. 
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323. Cor. 2. Two right triangles are similar if an 
acute angle of the one is equal to an acute angle of the 
other. 

324. If two triangles have their sides respectively pro- 
portional, they are similar. 

326. If two triangles have an angle of the one equal to 
an. angle of the other, and the including sides proportional, 
they are similar. 

327. If two triangles have their sides respectively 
parallel, or respectively perpendicular, they are similar. 

328. The homologous altitudes of two similar triangles 
have the same ratio as any two homologous sides. 

329. Straight lines drawn through the same point inter- 
cept proportional segments upon two parallels. 

330. If three or more non-parallel straight lines inter- 
cept proportional segments upon two parallels, they pass 
through a common point. 

331. If two polygons are composed of the same number 
of triangles, similar each to each, and similarly placed, the 
polygons are similar. 

332. If two polygons are similar, they are composed of 
the same number of triangles, similar each to each, and 
similarly placed. 

333. The perimeters of two similar polygons have the 
same ratio as any two homologous sides. 

334. If in a right triangle a perpendicular is drawn 
from the vertex of the right angle to the hypotenuse : 

I. The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

II. Each leg of the right triangle is a mean proportional 
between the hypotenuse and its adjacent segment. 

335. Cor, 1. The squares of the two legs of a right 
triangle are proportional to the adjacent segments of the 
hypotenuse. 
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336. Cor. 2. The squares of the hypotenuse and either 
leg are proportional to the hypotenuse and the adjacent 
segment. 

337. Cor, 3. An angle inscribed in a semicircle is a 
right angle. Therefore, 

I. The perpendicular from any point in the circum- 
ference to the diameter of a circle is a mean proportional 
between the segments of the diameter. 

II. The chord drawn from the point to either extremity 
of the diameter is a mean proportional between the diam- 
eter and the adjacent segment. 

338. The sum of the squares of the two legs of a right 
triangle is equal to the square of the hypotenuse. 

339. Cor, The square of either leg of a right triangle is 
equal to the difference of the squares of the hypotenuse 
and the other leg. 

342. In any triangle, the square of the side opposite an 
acute angle is equal to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 

343. In any obtuse triangle, the square of the side 
opposite the obtuse angle is equal to the sum of the 
squares of the other two sides increased by twice the prod- 
uct of one of those sides and the projection of the other 
upon that side. 

344. I. The sum of the squares of two sides of a tri- 
angle is equal to twice the square of half the third side 
increased by twice the square of the median upon that side. 

II. The difference of the squares of two sides of a tri- 
angle is equal to twice the product of the third side by the 
projection of the median upon that side. 

345. If any chord is drawn through a fixed point within 
a circle, the product of its segments is constant in what- 
ever direction the chord is drawn. 
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347. If from a fixed point without a circle a secant is 
drawn, the product of the secant and its external segment 
is constant in whatever direction the secant is drawn. 

348. If from a point without a circle a secant and a 
tangent are drawn, the tangent is a mean proportional 
between the whole secant and the external segment. 

349. The square of the bisector of an angle of a triangliB 
is equal to the product of the sides of this angle diminished 
by the product of the segments determined by the bisector 
upon the third side of the triangle. 

350. In any triangle the product of two sides is equal 
to the product of the diameter of the circumscribed circle 
by the altitude upon the third side. 

Problems of Construction. 

351. To divide a given straight line into parts propor- 
tional to any number of given lines. 

352. To find a fourth proportional to three given straight 
lines. 

353. To find a third proportional to two given straight 
lines. 

354. To find a mean proportional between two given 
straight lines. 

356. To divide a given line in extreme and mean ratio. 

357. Upon a given line homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon. 
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Theorems. 

360. The areas of two rectangles having equal altitudes 
are to each other as their bases. 

361. Cor. The areas of two rectangles having equal 
bases are to each other as their altitudes. 

362. The areas of two rectangles are to each other as 
the products of their bases by their altitudes. 

363. The area of a rectangle is equal to the product of 
its base and altitude. 

365. The area of a parallelogram is equal to the prod- 
uct oT its base and altitude. 

366. Cor. 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

367. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal 
altitudes are. to each other as their bases ; any two paral- 
lelograms are to each other as the products of their bases 
by their altitudes. 

368. The area of a triangle is equal to one-half the 
product of its base by its altitude. 

369. Cor. 1. Triangles having equal bases and equal 
altitudes are equivalent. 

370. Cor. 2. Triangles having equal bases are to each 
other as their altitudes ; triangles having equal altitudes 
are to each other as their bases ; any two triangles are to 
each other as the products of their bases by their altitudes. 

371. The area of a trapezoid is equal to one-half the 
sum of the parallel sides multiplied by the altitude. 

372. Cor. The area of a trapezoid is equal to the prod- 
uct of the median by the altitude. 
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374. The areas of two triangles which have an angle of 
the one equal to an angle of the other are to each other as 
the products of the sides including the equal angles. 

375. The areas of two similar triangles are to each 
other as the squares of any two homologous sides. 

376. The areas of two similar polygons are to each 
other as the squares of any two homologous sides. 

377. Cor, 1. The areas of two similar polygons are to 
eax^h other as the squares of any two homologous lines. 

378. Cor, 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

379. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the 
other two sides. 

380. Cor, The square on either leg of a right triangle is 
equivalent to the difference of the squares on the hypot- 
enuse and the other leg. 

Problems of Construction. 

381. To construct a square equivalent to the sum of 
two given squares. 

382. To construct a square equivalent to the difference 
of two given squares. 

383. To construct a square equivalent to the sum of any 
number of given squares. 

384. To construct a polygon similar to two given similar 
polygons and equivalent to their sum. 

385. To construct a polygon similar to two given similar 
polygons and equivalent to their difference. 

386. To construct a triangle equivalent to a given 
polygon. 

387. To construct a square which shall have a given 
ratio to a given square. 
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388. To construct a polygon similar to a given polygon 
and having a given ratio to it. 

389. To construct a square equivalent to a given paral- 
lelogram. 

390. Cor, 1. A square may be constructed equivalent to 
a given triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

391. Cor. 2. A square may be constructed equivalent to 
a given polygon, by first reducing the polygon to an equiv- 
alent triangle, and then constructing a square equivalent 
to the triangle. 

392. To construct a parallelogram equivalent to a given 
square and having the sum of its base and altitude equal 
to a given line. 

393. To construct a parallelogram equivalent to a given 
square, and having the difference of its base and altitude 
equal to a given line. 

394. To construct a polygon similar to a given polygon 
P, and equivalent to a given polygon Q. 
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Theorems. 

396. An equilateral polygon inscribed in a circle is a 
regular polygon. 

397. A circle may be circumscribed about, and a circle 
may be inscribed in, any regular polygon. 

402. Cor. V, The angle at the centre of a regular polygon 
is equal to four right angles divided by the number of sides 
of the polygon. 

403. Cor. 2. The radius drawn to any vertex of a regular 
polygon bisects the angle at the vertex. 

404. Cor. 3. The interior angle of a regular polygon is 
the supplement of the angle at the centre. 

405. If the circumference of a circle is divided into any 
number of equal parts, the chords joining the successive 
points of division form a regular inscribed polygon, and 
the tangents drawn at the points of division form a regular 
circumscribed polygon. 

406. Cor. 1. Tangents to a circumference at the vertices 
of a regular inscribed polygon form a regular circumscribed 
polygon of the same number of sides. 

407. Cor. 2. If a regular polygon is inscribed in a circle, 
the tangents drawn at the middle points of the arcs sub- 
tended by the sides of the polygon form a circumscribed 
regular polygon, whose sides are parallel to the sides of 
the inscribed polygon and whose vertices lie on the radii 
(prolonged) of the inscribed polygon. 

408. Cor. 3. If the vertices of a regular inscribed poly- 
gon are joined to the middle points of the arcs subtended 
by the sides of the polygon, the joining lines form a regular 
inscribed polygon of double the number of sides. 
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409. Cor, 4. If tangents are drawn at the middle points 
of the arcs between adjacent points of contact of the 
sides of a regular circumscribed polygon, a regular cir- 
cumscribed polygon of double the number of sides is 
formed. 

411. Two regular polygons of the same number of sides 
are similar. 

412. Cor, The areas of two regular polygons of the same 
number of sides are to each other as the squares of any two 
homologous sides. 

413. The perimeters of two regular polygons of the 
same number of sides are to each other as the radii of 
their circumscribed circles, and also as the radii of their 
inscribed circles. 

414. Cor. The areas of two regular polygons of the same 
number of sides are to each other as the squares of the 
radii of their circumscribed circles, and also as the squares 
of the radii of their inscribed circles. 

415. The difference between the lengths of the perim- 
eters of a regular inscribed polygon and of a similar circum- 
scribed polygon is indefinitely diminished as the number 
of the sides of the polygons is indefinitely increased. 

416. Cor, The difference between the areas of a regular 
inscribed polygon and of a similar circumscribed polygon 
is indefinitely diminished as the number of the sides of the 
polygons is indefinitely increased. 

418. Two circumferences have the same ratio as their 
radii. 

419. Cor. The ratio of a circumference of a circle to its 
diameter is constant. 

421. The area of a regular polygon^s equal to one-half 
the product of its apothem by its perimeter. 

423. The area of a circle is equal to one-half the product 
pf its radius by its circumference. 
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424. Cor. 1. The area of a sector equals one-half the 
product of its radius by its arc. 

425. Cor, 2. The area of a circle equals tt times the 
square of its radius. 

426. Cor. 3. The areas of two circles are to each other 
as the squares of their radii. 

427. Cor. 4. Similar arcs, being like parts of their 
respective circumferences, are to each other as their radii ; 
similar sectors, being like parts of their respective circles, 
are to each other as the squares of their radii. 

428. The areas of two similar segments are to each 
other as the squares of their radii. 

Problems op Construction. 

429. To inscribe a square in a given circle. 

430. Cor. By bisecting the arcs subtended by the sides 
of a square, a regular polygon of eight sides may be 
inscribed in the circle ; and, by continuing the process, 
regular polygons of sixteen, thirty-two, sixty-four, etc., 
sides may be inscribed. 

431. To inscribe a regular hexagon in a given circle. 

432. Cor. 1. By joining the alternate vertices of a regu- 
lar inscribed hexagon, an equilateral triangle is inscribed in 
the circle. 

433. Cor. 2. By bisecting the arcs of a regular inscribed 
hexagon, a regular polygon of twelve sides may be inscribed 
in the circle ; and, by continuing the process, regular poly- 
gons of twenty-four, forty-eight, etc., sides may be inscribed. 

434. To inscribe a regular decagon in a given circle. 

435. Cor. 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon is inscribed. 

436. Cor. 2. By bisecting the arcs of a regular inscribed 
decagon, a regular polygon of twenty sides may be inscribed; 
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and by continuing the process, regular polygons of forty, 
eighty, etc., sides may be inscribed. 

437. To inscribe in a given circle a regular pente- 
decagon, or polygon of fifteen sides. 

438. Cor, By bisecting the arcs of a regular inscribed 
pentedecagon, a regular polygon of thirty sides may be 
inscribed; and, by continuing the process, regular poly- 
gons of sixty, one hundred and twenty, etc., sides may be 
inscribed. 

439. To inscribe in a given circle a regular polygon 
similar to a given regular polygon. ' 

440. Given the radius and the side of a regular inscribed 
polygon, to find the side of the regular inscribed polygon 
of double the number of sides. 

441. To compute the ratio of the circumference of a 
circle to its diameter approximately. 

Theorems. 

445. Of all triangles having two given sides, that in 
which these sides include a right angle is the maximum. 

446. Of all triangles having the same base and equal 
perimeters, the isosceles triangle is the maximum. 

447. Of all polygons with sides all given but one, the 
maximum can be inscribed in a semicircle which has the 
undetermined side for its diameter. 

448. Of all polygons with given sides, that which can 
be inscribed in a circle is the maximum. 

449. Of isoperimetric polygons of the same number of 
sides, the maximum is equilateral. 

450. Cor, The maximum of isoperimetric polygons of 
the same number of sides is a regular polygon. 

451. Of isoperimetric regular polygons, that which has 
the greatest number of sides is the maximum. 
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Cor. The area of a circle is greater than the area 
of any polygon of equal perimeter. - 

453. Of regular polygons having a given area, that 
which has the greatest number of sides has the least 
perimeter. 

454. Cor, The circumference of a circle is less than the 
perimeter of any polygon of equal area. 
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Theorems. 

471. If two planes cut each other, their intersection is 
a straight line. 

472. If a straight line is perpendicular to each of two 
other straight lines at their point of intersection, it is per- 
pendicular to the plane of the two lines. 

473. Every perpendicular that can be drawn to a 
straight line at a given point lies in a plane perpendicular 
to the line at the given point. 

474. Cor, 1. At a given point in a straight line one plane 
perpendicular to the line can be drawn, and only one. 

475. Cor, 2. Through a given point without a straight 
line, one plane can be drawn perpendicular to the line, and 
only one. 

476. Through a given point one perpendicular can be 
drawn to a given plane, and only one. 

477. Cor, The perpendicular is the shortest line from a 
point to a plane. 

478. Oblique lines drawn from a point to a plane, and 
meeting the plane at equal distances from the foot of the 
perpendicular, are equal ; and of two oblique lines meeting 
the plane at unequal distances from the foot of the perpen- 
dicular the more remote is the greater. 

479. Cor. 1. Equal oblique lines from a point to a 
plane meet the plane at equal distances from the foot of 
the perpendicular ; and of two unequal oblique lines the 
greater meets the plane at the greater distance from the 
foot of the perpendicular. 

480. Cor, 2. The locus of a point in space equidistant 
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from all points in the circumference of a circle is a straight 
line passing through the centre and perpendicular to the 
plane of the circle. 

481. If from the foot of a perpendicular to a plane a 
straight line is drawn at right angles to any line in the 
plane, the line drawn from its intersection with the line in 
the plane to any point of the perpendicular is perpendicular 
to the line of the plane. 

482. Cor. The locus of a point in space equidistant from 
the extremities of a straight line is the plane perpendicular 
to this line at its middle point. 

483. Two straight lines perpendicular to the same plane 
are parallel. 

484. Cor. 1. If one of two parallel lines is perpendicular 
to a plane, the other is also perpendicular to the plane. 

485. Cor. 2. If two straight lines are parallel to a third 
straight line, they are parallel to each other. 

486. If two straight lines are parallel, every plane 
containing one of the lines, and only one, is parallel to 
the other line. 

487. Cor, 1. Through a given straight line a plane can 
be passed parallel to any other given straight line in space. 

488. Cor. 2. Through a given point a plane can be 
passed parallel to any two given straight lines in space. 

489. If a given straight line is parallel to a given plane, 
the intersection of the given plane with any plane passed 
through the given line is parallel to that line. 

490. Cor. If a given straight line and a plane are paral- 
lel, a parallel to the given line drawn through any point of 
the plane lies in the plane. 

491. Two planes perpendicular to the same straight line 
are parallel. 

492. The intersections of two parallel planes by a third 
plane are parallel lines. 
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493. Cor, 1. Parallel lines included between parallel 
planes are equal. 

494. Cor, 2. Two parallel planes are everywhere equally 
distant. 

495. A straight line perpendicular to one of two parallel 
planes is perpendicular to the other. 

496. Cor, 1. Through a given point one plane, and only 
one, can be drawn parallel to a given plane. 

497. Cor, 2. If two intersecting lines are each parallel 
to a plane, the plane of these lines is parallel to the given 
plane. 

498. If two angles not in the same plane have their 
sides respectively parallel and lying in the same direction, 
they are equal, and their planes are parallel. 

499. If two straight lines are intersected by three paral- 
lel planes, their corresponding segments are proportional. 

512. Two dihedral angles are equal if their plane angles 
are equal. 

513. Two dihedral angles have the same ratio as their 
plane angles. 

515. If two planes are perpendicular to each other, a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other. 

516. Cor. 1. If two planes are perpendicular to each 
other, a perpendicular to one of them at any point of their 
intersection will lie in the other. 

617. Cor. 2. If two planes are perpendicular to each 
other, a perpendicular to one of them from any point of 
the other will lie in the other. 

518. If a straight line is perpendicular to a plane, every 
plane passed through the line is perpendicular to the first 
plane. 

519. Cor. A plane perpendicular to the edge of a dihe- 

^ dr41 ^tngle is perpendicular to each of its faces. 

t » • J . I 
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520. If two intersecting planes are each perpendicular 
to a third plane, their intersection is also perpendicular to 
that plane. 

521. Cor, 1. If a plane is perpendicular to each of two 
intersecting planes, it is perpendicular to their intersection. 

522. Cor. 2. If a plane is perpendicular to two planes 
that include a right dihedral angle, the intersection of 
any two of these planes is perpendicular to the third plane, 
and each of the three intersections is perpendicular to the 
other two. 

523. Through a given straight line oblique to a plane, 
one plane, and only one, can be passed perpendicular to the 
given plane. 

524. Cor. If a straight line is oblique to a plane, its 
projection is a straight line. 

525. Every point in a plane which bisects a dihedral 
angle is equidistant from the faces of the angle. 

526. ' The acute angle which a straight line makes with 
its own projection upon a plane is the least angle which it 
makes with any line of the plane. 

528. Between two straight lines not in the same plane, 
one common perpendicular can be drawn, and only one. 

539. The sum of any two, face angles of a trihedral 
angle is greater than the third face angle. 

540. The sum of the face angles of any convex polyhe- 
dral angle is less than four right angles. 

541. Two trihedral angles are equal or symmetrical, if 
the three face angles of the one are respectively equal to 
the three face angles of the other. 

542. Cor, If two trihedral angles have the three face 
angles of the one equal to the three face angles of the 
other, then the dihedral angles of the one are respectively 
equal to the dihedral angles of the other. 
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Theorems. 

The sections of a prism made by parallel planes 
are equal polygons. 

660. Cor. Any section of a prism parallel to the base is 
equal to the base ; and all right sections of a prism are 
equal. 

561. The lateral area of a prism is equal to the product 
of a lateral edge by the perimeter of the right section. 

562. Cor. The lateral area of a right prism is equal to 
the altitude multiplied by the perimeter of the base. 

563. Two prisms are equal if three faces including a 
trihedral angle of the one are respectively equal to three 
faces including a trihedral angle of the other, and are 
similarly placed. 

564. Cor, 1. Two truncated prisms are equal if three 
faces including a trihedral of the one are respectively equal 
to three faces including a trihedral of the other, and are 
similarly placed. 

565. Cor. 2. Two right prisms having equal bases and 
equal altitudes are equal. 

566. An oblique prism is equivalent to a right prism 
whose base is equal to a right section of the oblique prism, 
and whose altitude is equal to a lateral edge of the oblique 
prism. 

567. Any two opposite faces of a parallelepiped are 
equal and parallel. 

569. The plane passed through two diagonally opposite 
edges of a parallelepiped divides the parallelepiped into 
two equivalent triangular prisms. 
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570. Two rectangular parallelopipeds having equal 
bases are to each other as their altitudes. 

572. Two rectangular parallelopipeds having equal alti- 
tudes are to each other as their bases. 

574. Two rectangular parallelopipeds are to each other 
as the products of their three dimensions. 

576. The volume of a rectangular parallelepiped is 
equal to the product of its three dimensions, the unit of 
volume being a cube whose edge is the linear unit. 

676. Cor, 1. The volume of a cube is the cube of its 
edge. 

677. Cor, 2. The volume of a rectangular parallelopiped 
is equal to the product of its base by its altitude. 

679. The volume of any parallelopiped is equal to the 
product of its base by its altitude. 

680. The volume of a triangular prism is equal to the 
product of its base by its altitude. 

581. The volume of any prism is equal to the product 
of its base by its altitude. 

582. Cor, The volumes of two prisms are to each other 
as the products of their bases and altitudes ; prisms having 
equivalent bases are to each other as their altitudes ; prisms 
having equal altitudes are to each other as their bases ; 
prisms having equivalent bases and equal altitudes are 
equivalent. 

596. The lateral area of a regular pyramid is equal to 
one-half the product of the slant height by the perimeter 
of its base. 

697. Cor, The lateral area of the frustum of a regular 
pyramid is equal to one-half the sum of the perimeters of 
the bases multiplied by the slant height of the frustum. 

698. If a pyramid is cut by a plane parallel to its base, 
I. The edges and altitude are divided proportionally ; 

II. The section is a polygon similar to the base. 
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599. Cot, 1. Any section of a pyramid parallel to its 
base is to the base as the square of its distance from the 
vertex is to the square of the altitude of the pyramid. 

600. Cor. 2. If two pyramids having equal altitudes are 
cut by planes parallel to their bases, and at equal distances 
from their vertices, the sections will have the same ratio 
as their bases. 

601. Cor. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their 
bases, and at equal distances from their vertices, are equiv- 
alent. 

602. Two triangular pyramids having equivalent bases 
and equal altitudes are equivalent. 

603. The volume of a triangular pyramid is equal to 
one-third the product of its base and altitude. 

604. The volume of any pyramid is equal to one-third 
the product of its base and altitude. 

605. Cor. The volumes of two pyramids are to each 
other as the products of their bases and altitudes ; pyramids 
having equivalent bases are to each other as their altitudes ; 
pyramids having equal altitudes are to each other as their 
bases ; pyramids having equivalent bases and equal alti- 
tudes are equivalent. 

607. The volumes of two tetrahedrons, having a tri- 
hedral angle of the one equal to a trihedral angle of the 
other, are to each other as the products of the three edges 
of these trihedral angles. 

608. The frustum of a triangular pyramid is equivalent 
to the sum of three pyramids whose common altitude is 
the altitude of the frustum and whose bases are the lower 
base, the upper base, and a mean proportional between the 
two bases of the frustum. 

609. Cor, If the volume of the frustum of a triangular 
pyramid is denoted by F, the lower base by B^ the upper 
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base by b, and the altitude by If, 

V=^irx (B + b + ^/BXb). 

610. The volume of the frustum of any pyramid is 
equal to the sum of the volumes of three pyramids whose 
common altitude is the altitude of the frustum, and whose 
bases are the lower base, the upper base, and a mean pro- 
portional between the bases of the frustum. 

611. A truncated triangular prism is equivalent to the 
sum of three pyramids whose common base is the base of 
the prism and whose vertices are the three vertices of the 
inclined section. 

612. Cor, 1. The volume of a truncated right triangular 
prism is equal to the product of its base by one-third the 
sum of its lateral edges. 

613. Cor. 2. The volume of any truncated triangular 
prism is equal to the product of its right section by one- 
third the sum of its lateral edges. 

619. Two similar polyhedrons may be decomposed into 
the same number of tetrahedrons similar, each to each, and 
similarly placed. 

620. Cor. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous 
edges. 

621. The volumes of two similar tetrahedrons are to 
each other as the cubes of their homologous edges. 

622. The volumes of two similar polyhedrons are to 
each other as the cubes of any two homologous edges. 

Problems. 

624. To determine the number of regular convex poly- 
hedrons possible. 

625. Upon a given edge to construct the regular poly- 
hedrons. 
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General Theorems. 

627. In any polyhedron the number of edges increased 
by two is equal to the number of vertices increased by the 
number of faces. 

628. The sum of the face angles of any polyhedron is 
equal to four right angles taken as many times, less two, 
as the polyhedron has vertices. 

Theorems. 

641. Every section of a cylinder made by a plane pass- 
ing through an element is a parallelogram. 

642. Cor, Every section of a right cylinder made by a 
plane passing through an element is a rectangle. 

643. The bases of a cylinder are equal. 

644. Cor. 1. Any two parallel sections, cutting all the 
elements of a cylinder, are equal. 

646. Cor, 2. Any section of a cylinder parallel to the 
base is equal to the base. 

646. The lateral area of a cylinder is equal to the prod- 
uct of the perimeter of a right section of the cylinder by 
an element of the surface. 

647. Cor. 1. The lateral area of a cylinder of revolution 
is the product of the circumference of its base by its altitude. 

648. Cor. 2. If S denotes the lateral area, T the total 
area, H the altitude, and R the radius, of a cylinder of 
revolution, 

S=2irRH. 
T=2irR(H-\-R). 

649. The volume of a cylinder is equal to the product 
of its base by its altitude. 

660. Cor. If F denotes the volume, -Rthe radius, jCTthe 
altitude, of a cylinder of revolution, then the area of the 
base is irR\ and V=TrR^H. 
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651. The lateral areas, or the total areas, of similar 
cylinders of revolution are to each other as the squares of 
their altitudes, or of their radii ; and their volumes are to 
each other as the cubes of their altitudes, or of their radii. 

667. Every section of a cone made by a plane passing 
through its vertex is a triangle. 

668. Every section of a circular cone made by a plane 
parallel to the base is a circle. 

669. Cor. The axis of. a circular cone passes through the 
centres of all the sections which are parallel to the base. 

670. The lateral area of a cone of revolution is equal to 
one-half the product of the slant height by the circum- 
ference of the base. 

671. Cot, If R denotes the radius of the base, L the 
slant height, S the lateral area, and T the total area, of a 
cone of revolution, 

and T=7r^(Z + i2). 

672. The volume of any cone is equal to one-third the 
product of its base by its altitude. 

673. Cor, If the cone is a cone of revolution, and R is 
the radius of the base, 

674. The lateral areas, or the total areas, of two similar 
cones of revolution are to each other as the squares of their 
altitudes, or of their radii ; and their volumes are to each 
other as the cubes of their altitudes, or of their radii. 

675. The lateral area of the frustum of a cone of revolu- 
tion is equal to one-half the sum of the circumferences of 
its bases multiplied by the slant height. 

676. Cor. The lateral area of a frustum of a cone of 
revolution is equal to the circumference of a section equi- 
distant from its bases multiplied by its slant height. 
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677. T^lie volume of a frustum of a cone is equivalent 
to the sum of the volumes of three cones whose common 
altitude is the altitude of the frustum and whose bases are 
the lower base, the upper base, and a mean proportional 
between the bases of the frustum. 

678. Cor, If the frustum is that of a cone of revolution, 
and R and r are the radii of its bases, and H is its altitude, 

V^i'irH{R^-\-r^ + Rr), 
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Theorems and Problems. 

685. Every section of a sphere made by a plane is a 
circle. 

686. Cor, 1. The line joining the centre of a sphere to 
the centre of a circle of the sphere is perpendicular to the 
plane of the circle. 

687. Cor. 2. Circles of a sphere made by planes equally 
distant from the centre are equal. 

688. Cor. 3. Of two circles made by planes unequally 
distant from the centre, the nearer is the larger. 

699. The shortest distance on the surface of a sphere 
between any two points on that surface is the arc, not 
greater than a semi-circumference, of the great circle 
which joins them. 

701. The distances of all points in the circumference 
of a circle of a sphere from its poles are equal. 

703. Cor. The polar distance of a great circle is a quad- 
rant-arc. 

705. A point on the surface of a sphere, which is at the 
distance of a quadrant from each of two other points, not 
the extremities of a diameter, is a pole of the great circle 
passing through these points. 
. 707. Given a material sphere to find its radius. 

708. A plane perpendicular to a radius at its extremity 
is tangent to the sphere. 

709. Cor. 1. A plane tangent to a sphere is perpendicular 
to the radius drawn to the point of contact. 

710. Cor, 2. A straight line tangent to a circle of a 
sphere lies in a plane tangent to the sphere at the point of 
contact. . , 
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711. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point. 

712. Cor, 4. The plane of two straight lines tangent to 
a sphere at the same point is tangent to the sphere at that 
point. 

715. A sphere may be inscribed in any given tetra- 
hedron. 

716. Cor, The six planes which bisect the six dihedral 
angles of a tetrahedron intersect in the same point. 

717.* A sphere may be circumscribed about any given 
tetrahedron. 

718. Cor, 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same 
point. 

719. Cor, 2, The six planes perpendicular to the edges 
of a tetrahedron at their middle points intersect at the 
same point. 

720. The intersection of two spherical surfaces is the 
circumference of a circle whose plane is perpendicular to 
the line joining the centres of the surfaces and whose 
centre is in that line. 

722. A spherical angle is measured by the arc of a great 
circle described from its vertex as a pole and included 
between its sides (produced if necessary). 

723. Cor, A spherical angle has the same measure as the 
dihedral angle formed by the planes of the two circles. 

724. To describe an arc of a great circle through a given 
point perpendicular to a given arc of a great circle. 

731. Each side of a spherical triangle is less than the 
sum of the other two sides. 

732. The sum of the sides of a spherical polygon is less 
than 360°. 

734. If A'B'C is the polar triangle of ABC, then, recip- 
rocaUy*, ABC is the polar triangle of A'B'C, 
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735. In two polar triangles each angle of the one is the 
supplement of the opposite side in the other. 

737. The sum of the angles of a spherical triangle is 
greater than 180° and less than 640°. 

741. In a bi-rectangular spherical triangle the sides 
opposite the right angles are quadrants, and the side 
opposite the third angle measures that angle. 

748. Two symmetrical spherical triangles are equiv- 
alent. 

749. Two triangle? on the same sphere, or equal spheres, 
are equal or equivalent, if two sides and the included angle 
of the one are respectively equal to two sides and the 
included angle of the other. 

750. Two triangles on the same sphere, or equal spheres, 
are equal or equivalent, if a side and two adjacent angles 
of the one are equal respectively to a side and two adjacent 
angles of the other. 

751. Two mutually equilateral triangles on the same 
sphere, or equal spheres, are mutually equiangular, and are 
equal or equivalent. 

752. Two mutually equiangular triangles, on the same 
sphere, or equal spheres, are mutually equilateral, and are 
either equal or equivalent. 

753. In an isosceles spherical triangle, the angles oppo- 
site the equal sides are equal. 

754. Cor, The arc of a great circle drawn from the 
vertex of an isosceles sphericg,l triangle to the middle of 
the base bisects the vertical angle, is perpendicular to the 
base, and divides the triangle into two symmetrical tri- 
angles. 

755. If two angles of a spherical triangle are equal, the 
sides opposite these angles are equal, and the triangle is 
isosceles. 

756. If two angles of a spherical triangle are unequal, 
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the sides opposite are unequal, and the greater side is 
opposite the greater angle ; conversely^ if two sides are 
unequal, the angles opposite are unequal, and the greater 
angle is opposite the greater side. 

762. The area of the surface generated by a straight 
line revolving about an axis in its plane is equal to the 
product of the projection of the line on the axis by the 
circumference whose radius is a perpendicular erected at 
the middle point of the line and terminated by the axis. 

763. The area of the surface of a sphere is equal to 
the product of its diameter by the circumference of a great 
circle. 

764. Cor, 1. The surface of a sphere is equivalent to 
four great circles. 

765. Cor, 2. The areas of the surfaces of two spheres 
are as the squares of their radii, or as the squares of their 
diameters. 

766. Cor. 3. The area of a zone is equal to the product 
of its altitude by the circumference of a great circle. 

767. Cor. 4. Zones on the same sphere, or equal spheres, 
are to each other as their altitudes. 

768. Cor. 5. A zone of one base is equivalent to a circle 
whose radius is the chord of the generating arc. 

769. The area of a lune is to the area of the surface of 
the sphere as the number of degrees in its angle is to 360. 

770. Cor. 1. The numerical value of a lune expressed 
in spherical degrees is twi3e the numerical value of its 
angle expressed in angle-degrees. 

771. Cor. 2. The area of a lune expressed in ordinary 
units is equal to the area of a great circle multiplied by 
one-ninetieth the number of degrees in the angle of the 
lune. 

772. Cor. 3. Two lunes on the same sphere, or equal 
spheres, have the same ratio as their angles. 
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773. Cor, 4. Similar lunes have the same ratio as the 
squares of the radii of the spheres on which they are 
situated. 

774. The area of a spherical triangle, expressed in 
spherical degrees, is numerically equal to the spherical 
excess of the triangle. 

775. Cor. 1. The area of a spherical trialigle is to the 
area of the surface of the sphere as the number which 
expresses its spherical excess is to 720. 

776. Cor. 2. The area of a spherical triangle expressed 
in ordinary units is equal to the area of a great circle 
multiplied by one-one hundred eightieth the spherical 
excess of the triangle. 

777. If T denotes the sum of the angles of a spherical 
polygon of n sides, the area of the polygon expressed in 
spherical degrees is numerically equal to T— (n — 2) 180°. 

784. The volume of a sphere is equal to one-third the 
product of the area of its surface by its radius. 

785. Cor. 1. The volume of a sphere is equal to the 
cube of the diameter multiplied by one-sixth w. 

786. Cor. 2. The volumes of two spheres are to each 
other as the cubes of their radii. 

787. Cor. 3. The volume of a spherical pyramid is equal 
to one-third the product of its base by the radius of the 
sphere. 

788. Cor. 4. The volume of a spherical sector is equal 
to one-third the product of the zone which forms its base 
by the radius of the sphere. 

790. To find the volume of a spherical segment. 
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Conic Sections. — The Parabola. 

794. To construct a parabola by points, having given 
its focus and its directrix. 

799. Cor, 1. The parabola is symmetrical with respect 
to its axis. 

800. Cor, 2. The parabola lies entirely on one side of the 
perpendicular to the axis erected at the vertex ; namely, 
on the same side as the focus. 

801. Cor. 3. The parabola is not a closed curve. 

802. Cor, 4. The latus rectum of a parabola is equal 
to four times the length of the line joining the focus and 
the vertex of the parabola. 

804. The ordinate of any point of a parabola is a mean 
proportional between the latus rectum and the abscissa. 

805. Cor, 1. The greater the abscissa of a point of a 
parabola, the greater the ordinate. 

806. Cor, 2. The squares of any two ordinates of a 
parabola are as the abscissas. 

807. Every point within a parabola is nearer to the 
focus than to the directrix; and every point without a 
parabola is farther from the focus than from the directrix. 

808. Cor, A point is within or without a parabola 
according as its distance from the focus is less than, or 
greater than, its distance from' the directrix. 

810. If a line FT is drawn from any point P of the 
parabola, bisecting the angle between FF (F being the 
focus) and the perpendicular from F to the directrix, 
every point of the line FT, except P, is without the curve. 

811. Cor, 1, FT is the tangent at the point P. 

812. Cor, 2, FT bisects the line joining the focus and 
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the foot of the perpendicular from P to the directrix, and 
is perpendicular to it. 

813. Cor, 3. The distance from F to the intersection of 
the tangent at F with the axis is equal to PF, 

814. Cor, 4. The tangent at the vertex is perpendicular 
to the axis. 

815. Cor, 5. The tangent at the vertex is the locus of 
the foot of the perpendicular dropped from the focus to 
any tangent. 

818. Cor. 6. The subtangent is bisected by the vertex. 

819. Cor. 7. The subnormal is equal to half the latus 
rectum. 

820. Cor. 8. The normal bisects the angle between FF 
and the prolongation through F of the perpendicular from 
F to the directrix. 

821. Cor. 9. The circle with F as centre and FF as 
radius passes through the intersections with the axis of 
the tangent and the normal from P. 

822. To draw a tangent to a parabola from an exterior 
point. 

823. Cor. Two tangents can always be drawn to a 
parabola from an exterior point. 

825. The line joining the focus to the intersection of 
two tangents makes equal angles with the focal radii 
drawn to the points of contact. 

826. Cor. The tangents drawn through the ends of .a 
focal chord meet in the directrix. 

827. If a pair of tangents are drawn from any exterior 
point to a parabola, the line drawn through this point 
parallel to the axis will bisect the chord of contact. 

828. If a pair of tangents EF, RQ are drawn from an 
exterior point ^ to a parabola, and through B a line 
parallel to the axis is drawn, meeting the curve in S, the 
tangent at S will be parallel to the chord of contact. 
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829. Cor, 1. The line drawn through B parallel to tlie 
axis is the locus of the middle points of all chords drawn 
parallel to the tangent at S* 

831. Cor. 2. The diameters of a parabola are parallel 
to its axis ; and conversely, every straight line parallel to 
the axis is a diameter ; that is, bisects a system of parallel 
chords. 

832. Cor. 3. Tangents drawn through the ends of an 
ordinate intersect in the diameter corresponding to that 
ordinate. 

833. Cor. 4. The portion of a diameter contained be- 
tween any ordinate and the intersection of the tangents 
drawn through the ends of the ordinate is bisected by the 
parabola. 

834. Cor. 5. The part of a tangent parallel to a chord, 
contained between the two tangents drawn through the 
ends of the chord, is bisected by the diameter of the chord 
at the point of contact. 

835. The area of a parabolic segment made by a chord 
is two-thirds the area of the triangle formed by the chord 
and the tangents drawn through the ends of the chord. 

837. The section of a right circular cone made by a 
plane parallel to one, and only one, element of the surface 
is a parabola. 

The Ellipse. 

841. To construct an ellipse by points, having given the 
foci and the constant sum 2a. 

842. Cor. 1. The major and minor axes of an ellipse 
are perpendicular to each other. 

844. Cor. 2. The major axis is bisected at the centre, 
and is equal to the constant sum 2a. 

845. Cor. 3. The minor axis is also bisected at the 
centre. 
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846. Cor, 4. The values of a, h, c are so related that 

847. Cor. 5. An ellipse is symmetrical with respect to 
its major axis. 

850. An ellipse is symmetrical with respect to its minor 
axis. 

852. Cor. 1. An ellipse consists of four equal quad- 
rantal arcs symmetrically placed about its centre. 

853. Cor. 2. Every diameter of an ellipse is bisected at 
the centre. 

854. If d denotes the abscissa of a point of an ellipse, 
r and r' its focal radii, then r' = a + ^> r = a — ed. 

856. The ordinates of two corresponding points in an 
ellipse and its auxiliary circle are in the ratio b : a. 

857. To construct an ellipse by points, having given its 
two axes. 

858. The square of the ordinate of a point in an ellipse 
is to the product of the segments of the major axis made 
by the ordinate as b^ : a\ 

859. Cor. The latus rectum of an ellipse is a third 
proportional to the major axis and the minor axis. 

860. The sum of the distances of any point from the 
foci of an ellipse is greater than or less than 2 a, according 
as the point is without or within the curve. 

861. Cor. A point is without or within an ellipse accord- 
ing as the sum of its distances from the foci is greater or 
less than 2 a. 

863. If through a point F of an ellipse a line is drawn 
bisecting the angle between one of the focal radii and the 
other produced, every point in this line except P is without 
the curve. 

864. Cor. 1. The line drawn through a point P of an 
ellipse, bisecting the angle between one of the focal radii 
and the other produced, is the tangent at P. 
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865. Cot, 2. The tangent to an ellipse at any point 
bisects the angle between one focal radius and the other 
produced. 

866. Cot, 3. If the focal radius FF is prolonged to G 
making FG equal to FF\ and F^G is drawn cutting at X 
the tangent through P, then GX=^F^Xy and the tangent 
through F is perpendicular to F^G. 

867. Cor, 4. The locus of the foot of a perpendicular 
dropped from the focus of an ellipse to a tangent is the 
auxiliary circle. 

868. To draw a tangent to an ellipse from an exterior 
point. 

869. Cor, Two tangents may always be drawn to an 
ellipse from an exterior point. 

870. The tangents drawn at two corresponding points 
of an ellipse and its auxiliary circle cut the major axis 
produced at the same point. 

873. Cor, 1. The normal bisects the angle between the 
focal radii of the point of contact. 

874. Cor, 2. If d denotes the abscissa of the point of 

contact, the distances measured on the major axis from the 

a* 
centre to the tangent and the normal are -z and ^dy 

respectively. 

875. The tangents drawn at the ends of any diameter 
are parallel to each other. 

877. If one diameter is conjugate to a second, the 
second is conjugate to the first. 

880. The area of an ellipse is equal to irdb, 

881. The section of a right circular cone made by a 
plane that cuts all the elements of the surface of the cone 
is an ellipse. 

882. Cor, If the secant plane is parallel to the base, the 
section is a circle, which is a particular case of the ellipse. 
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The Hyperbola. 

886. To construct an hyperbola by points, having given 
the foci and the constant difference 2 a. 

887. Cor. 1. No point of an hyperbola can be situated 
on the perpendicular at the centre to the line joining the 
foci. 

889. Cor. 2. Both the axes of an hyperbola are bisected 
at the centre. 

890. Cor. 3. In an hyperbola, c^ = a^-\- b\ 

891. Cor. 4. An hyperbola is symmetrical with respect 
to its transverse axis. 

894. An hyperbola is symmetrical with respect to its 
conjugate axis. 

896. Cor. 1. An hyperbola consists of four equal quad- 
rantal arcs symmetrically placed about its centre. 

897. Cor. 2. Every diameter of an hyperbola is bisected 
at the centre. 

898. If d denotes the abscissa of a point of an hyperbola, 
r and r' its focal radii, then r = ed — a, and r'^=ed + a. 

900. Any ordinate of an hyperbola is to the tangent 
from its foot to the auxiliary circle as b is to a. 

901. The square of the ordinate of a point in an hyper- 
bola is to the product of the distances from the foot of the 
ordinate to the vertices as b^ is to a^. 

902. Cor. The latus rectum of an hyperbola is a third 
proportional to the transverse and conjugate axes. 

903. The difference of the distances of any point from 
the foci of an hyperbola is greater or less than 2a, accord- 
ing as the point is on the concave or convex side of the 
curve. 

904. Cor. A point is on the concave or the convex side 
of an hyperbola according as the difference of its distances 
from the foci is greater or less than 2 a. 
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906. If through a point P of an hyperbola a line is 
drawn bisecting the angle between the focal radii, every 
point in this line except F is on the convex side of the 
curve. 

907. Cor, 1. A line through a point P of an hyperbola 
bisecting the angle between the focal radii is the tangent 
at P. 

908. Cor, 2. The tangent to an hyperbola at any point 
bisects the angle between the focal radii drawn to that point. 

909. Cor, 3. Tangents at the vertices of an hyperbola 
are perpendicular to the transverse axis. 

910. Cor. 4. If on the focal radius PF^ we take FG 
=FF and join FG cutting at X the tangent through F, 
then GX= FX, and the tangent is perpendicular to FG, 

911. Cor, 5. The locus of the foot of the perpendicular 
from the focus of an hyperbola to a tangent is the auxiliary 
circle. 

912. To draw a tangent to an hyperbola from a given 
exterior point. 

913. Cor. Two tangents may always be drawn to an 
hyperbola from an exterior point. 

914. The tangents to an hyperbola drawn from the 
centre meet the curve at an infinite distance from the centre. 

916. Cor. 1. The line drawn from the focus F parallel 
to one asymptote and cutting the other asymptote at Q is 
tangent to the auxiliary circle at Q. 

917. Cor, 2. FQ is equal to the semi-conjugate axis b. 

918. Cor. 3. If the tangent to an hyperbola at the 
vertex A meets the asymptote OE at F, then AE=b. 

919. Cor. 4. The asymptotes of an hyperbola are the 
diagonals of the rectangle constructed with for its centre, 
and the transverse and conjugate axes for its adjacent sides. 

921. The section of a right circular cone made by a 
plane that cuts both nappes of the cone is an hyperbola. 
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Directional Calculus. 

By E. W. Hyde, Professor of Mathematics in the University of Cincin- 
nati. 8yo. Cloth, zii + 247 pages, with blank leaves for notes. Price 
by mail, $2.15; for introdaction, $2.00. 

^T^HIS work follows, in the main, the methods of Grassmann's 
Ausdehnungslehref but deals only with space of two and three 
dimensions. The first two chapters which give the theory and 
fundamental ideas and processes of his method, will enable students 
to master the remaining chapters, containing applications to Plane 
and Solid Greometry and Mechanics ; or to read Grassmann's original 
works. A very elementary knowledge of Trigonometry, the Differ- 
ential Calculus and Determinants, will be sufficient as a preparation 
for reading this book. 



Daniel Carhart, Prof, of Mathe- 
matics, Western University of Penn- 
sylvania: I am pleased to note the 
saccess which has attended Professor 



Hyde's efforts to bring into more 
popular form a branch of mathemat- 
ics which is at once so abbreviated in 
form and so comprehensive in results. 



Elements of the Differential and Integral Calculus. 

With Examples and Applications. By J. M. Taylob, Professor of 
Mathematics in Colgate University. 8vo. Cloth. 249 pages. Mailing 
price, $1.95; for introdaction, $1.80. 

rpHE aim of this treatise is to present simply and concisely the 
fundamental problems of the Calculus, their solution, and more 
common applications. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. In February, 1891, 
Taylor's Calculus was found to be in use in about sixty colleges. 

The Nation, New York : In the 
first place, it is evidently a most 
carefully written book. . . . We are 
acquainted with no text-book of the 
Calcolos which compresses so much 
matter into so few pages, and at the 
same time leaves the impression that 



all that is necessary has been said. 
In the second place, the number of 
carefully selected examples, both of 
those worked oat in full in illastra- 
tion of the text, and of those left for 
the stadent to work oat for himself, 
is extraordinary. 
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Elements of Solid Geometry. 

By Abthub Latham Baksb, Professor of Mathematics, University of 
Rochester. 12mo. Cloth, xii + 126 pages. Mailing price, 90 cents ; 
for introduction, 80 cents. 

^HE distinctive features of this work are'improved notation, 
tending to simplify the text and figures ; improved diagrams, 
particular attention being paid to the perspective of the figures ; 
clear presentation, each part of the discussion being presented 
under a distinct heading ; generalized conceptions, which is the 
principal feature of the work, the general theorems for the frustum 
of a pyramid being first worked out, and then the pyramid, cone, 
prism, and cylinder discussed as special cases of the pyramidal 
frustum and of the prismatoid. The essential unity of the sub- 
ject is constantly impressed upon the reader. 



Benjamin 0. Brown, Professor of 
Mathematics in Tufts College : It is 
a most excellent book. I have never 



used a book for the first time with 
greater satisfaction. 



Elementary Co-ordinate Geometry. 

By W. B. SMriH, Professor of Mathematics, Missouri State University. 
8vo. Cloth. 312 pages. Mailing price, $2.15 ; for introduction, $2.<X). 

^HIS book is spoken of as the most exhaustive work on the 
subject yet issued in America ; and in colleges where an easier 
text-book is required for the regular course, this will be found of 
great value for post-graduate study. 



Wm. 0. Peck, late Prof, of Math- 
ematics and Astronomy f Columbia 
College: Its well compacted pages 



contain an immense amount of mat' 
ter, most admirably arranged. It is 
an excellent book. 



Theory of the Newtonian Potential Functions. 

By B. O. Pkirce, Professor of Mathematics and Physics, in Harvard 
Univ. 8vo. Cloth. 154 pages. Mailing price, $1.60 ; for introd. $1.50. 

^HIS book gives as briefly as is consistent with clearness so 
much of that theory as is needed before the study of standard 
works on Physics can be taken up with advantage. A brief treat- 
ment of Electrokinematics and many problems are included. 



MATHEMATICS. 



97 



Aoademic Trigonometry : p/ane and sph^ncat. 

By T. M. Blaksleb, Ph.D. (Yale), Professor of Mathematics in Dea 
Moines Ck)llege, Iowa. 12mo. Cloth. 33 pages. Mailing price, 30 
cents; for introduction, 26 cents. 

rriHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

entire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text 

The Plane portion is compact, and complete in itself. 

Examples of Differential Equations. 

By Gbobob a. Osbobnb, Professor of Mathematics in the Massachu- 
setts Institute of Technolo^, Boston. 12mo. Cloth, vii + 50 pagesi 
Mailing Price, 60 cents; for introdnction, 50 cents. 

A SERIES of nearly three hundred examples with answers, sys- 
'^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Coffin, Prof, of Astron- 1 ance is most timely, and it supplies 
omyy Lafayette College : Its appear- 1 a manifest want. 

Determinants. 

The Theory of Determinants: an Elementary Treatise. By Paul H. 
Hakus, B.S., recently Professor of Mathematics in the University of 
Colorado, now Assistant Professor, Harvard University. 8vo. Cloth, 
viii + 217 pages. Mailing price, $1.90 ; for introdnction, $1.80. 

nnHIS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
coBcepts have arisen naturally, and by giving such applications as 
can be presented without exceeding the limits of the treatise. 



WiUiam O. Peck, late Prof, of 
Mathematic8y Columbia College, 
N, r. : A hasty glance convinces me 
that it is an improvement on Muir. 



T. W. Wright, Prof, of Mathemat- 
icSt Union Univ., Schenectady, N.T,: 
It fills admirably a vacancy in our 
mathematical literature, and Is a 
very welcome addition indeed. 



